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Abstract 
A non-circular Ehlich D-optimal design of order 150 is constructed. Noting that all computer 
computations so far have not produced a circular D-optimal design of order 150 makes this 
design quite interesting. (~) 1998 Elsevier Science B.V. All rights reserved 
1. Introduction 
A square matrix M with entries + 1 is called D-optimal if its determinant is the 
largest amongst all +l-matrices of  the same order. Ehlich [8] has shown that for 
n-- -2(mod4),  n>2,  and any +l-matrix M of order n, 
det M ~< (2n - 2)(n - 2 )  (n-2)/2. 
Call a matrix whose determinant attains the above bound an Ehlich matrix. The bound 
is attained only if 2n -  2 is a sum of two perfect squares. One way to construct 
such matrices is to find two commuting +1 matrices A and B of order n such 
that 
AA t + BB t = (2n - 2)1 + 2J. 
In this case the matrix 
M = _B t At 
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is an Ehlich D-optimal matrix of order 2n. If A and B are also circulant, follow- 
ing Dokovi6 [6] we say that the D-optimal design is of circular type or simply 
circular. 
Let A =circ(A0,A1 .. . . .  An-l) be the circulant matrix with first row Ao,A1 . . . . .  An-~ 
and let B = circ(B0, Bl . . . . .  Bn-l  ), where Ai and Bi are circulant matrices uch that the 
matrix M above is a D-optimal design. These designs are, as Ookovi6 calls them, 
multi-circulant. Such matrices were first studied by Chadjipantelis et al. [2]. One of 
us, Kharaghani [10], subsequently introduced classes of such designs of order 42 and 
66 which included designs in which some Ai's and Bi's were  circulant and some non- 
circulant. Recently, Dokovi6 [6,7], Cohn [3-5], Koukouvinos et al. [11], Koukouvinos 
et al. [12-14] and others [16-21] have done xtensive searches and produced a number 
of such designs. Dokovi6 [7] produces multi-circulant designs of order 54, 96, 146, 158 
and 194 for the first time. It seems that 110, 118, 138, 150, 154, 174 and 198 are the 
only cases which remain unresolved for n ~< 200. In this note we will construct an Ehlich 
D-optimal design of order 150, where A = circ(A0,Al,A2,A3,A4), B = circ(Bo,B1,B2,B3, 
B4), Ai, Bi are +l-matrices of order 15, but not circulant. As usual Jn denotes the 
matrix of l 's of order n and In denotes the identity matrix of order n, + represents 1 
and - represents - 1. 
2. Main result 
It is known that there are two inequivalent classes of skew-type Hadamard matrix 
of order 16 (see [15]). There is no printed record of any of these matrices. We had 
to reconstruct one of each class for use in our construction. Their 15-cores are shown 
below. 
++-  +-  +- -  ++- -  +-  + 
- ++++ ++++--  
+ - + + - - + + - + - - + + -  
- - - + + + + + ÷ + +  
+ - + - ÷ ÷ - - ÷ ÷ - + - + -  
- ÷ ÷ - - + + - - + ÷ - - ÷ ÷  
+ + - - + - + + - + - + - - +  
C15= ++ ++-+ +-  ++-  , 
- + + - - + + + +  ++ 
++++++++ 
+ - + - + - + -  + - + - + - +  
+ ++-+ + ++- -+ 
-++++ ++++ 
++ + - - + - +  ++-+-  
+ + + + - - + +  ++ 
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i+_  ++_ +_  +__  +_  ++_ 
+ + - - + + - + - + - - + - +  
- + + - - + + + + - -  ++- -  
- + + + + - - - + -  +-+-+ 
+ - + - + -  +- -  + + + + - -  
- - - + + + +  ++++ 
+ + - + - -  + - + + - - + + -  
Cl5 . . . .  ++++++++ 
+ + - - + + - - + -  ++-+-  
+-++-  + - - + + - + - - +  
-++-  -++-  -++-  -++ 
+ + - + - - + + - - + + -  -+ 
++++++++ 
- + + + + - - + - + -  +-  +-  
+ - + - + - + + +  ++ 
Let 015 =C15-  I15, then Q~5 =-  QIS, J15Q15 =0 and QlsQ~5 = 15115- dis. We are 
ready now for the main result. 
Theorem 1. Let X = circ( O, +, - ,  - ,  + ), Y=c i rc ( - ,+ ,+,+,+) ,  A =/5 G(J15-2115)+ 
(d5 - I s )G / i s  + XGQI5  and B=YG( l l5  + Q15). Then A and B are commutin9 
:t:l-matrices o f  order 75 satisfyin9 
AA t + BB t = 148175 + 2J75. 
Proof. It is clear that A and B are -t-l-matrices. Note that XX t =515- J s ,  yyt =415 + 
Js, X ~-- Xt, y = yt, JX  = O, 
AA t =415 GJI5 - 16./5 ®/15 + 3J5 GJl5 + 8415 Gll5, 
BB t = 6415 G/IS - 415 G J15 + 16,/5 GIl5 - J5 Gdi5. 
Thus, 
AA t + BB t= 148175 + 2J75. 
Note that JY = 33, XY = YX, so 
AB = Y®(JI5 - 2115 - 2Q15) + 2YG(II5 + Qls) + XYG(QI5 + Q125) =BA. [] 
Remark. Note that 
A = circ(--2Ils,I ls,I ls,I ls,I ls) + circ(J15, QI5, -Qls ,  -Q15, Ql5) 
and 
B = circ(--I15,I15,I15,115,I15) + cire(--Q15, QI5, Q15, Q15, Q1s). 
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The fact that matrices circ(-2Ils,115,Ils,1ts,1~5) and circ(-I15,115,I15,115,115) are cir- 
culant and symmetric is crucial for the matrices A and B to satisfy 
AA t + BB t = 148175 + 2J75. 
To carry over a similar construction to the case of 7 × 7 block matrices of block size 
19 would not work, as we would need a circulant symmetric ore of order 7, which 
unfortunately is non-existent. 
Corollary 2. There is an Ehlich D-optimal design of order 150. 
Proof. Let A and B be + l-matrices of Theorem 1. Then 
M= _B t At 
is a D-optimal matrix of order 150. [] 
Remark. The matrix M in Corollary 2 will be multicirculant if QI5 is circulant. Unfor- 
tunately there is no circulant core Q15. We ran an exhaustive search and found none. 
So our design is not a multi-circulant one. 
Remark. We considered two Ehlich D-optimal matrix of order 42, one of which is 
given in [10]. For the first matrix, take A --- circ(J7, Q, Q) and B = circ(-Q, Q, Q) where 
Q = c i rc (+, - , - ,  + , - ,  +, +). For the second matrix, take Q to be the symmetric matrix 
- + - + - + - /  
+ ++ 
++ + 
Q= +++-  
+ +-+ 
+ ++ 
- -+  ++ 
instead. Both of the matrices M generated this way are Ehlich D-optimal of order 
42. Using a computer program we determined that the Smith normal forms for these 
matrices are different, indicating non-equivalent D-optimal designs, despite the fact 
that the Q's are equivalent. Thus, we suspect that using the two inequivalent cores Q15 
will produce two inequivalent Ehlich D-optimal designs of order 150, but we cannot 
show this. We attempted a computer calculation of the Smith normal forms but the 
calculation was well beyond the capabilities of our machines. 
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